The implementation of quantum entangling gates between qubits is essential to achieve scalable quantum computation. Here, we propose a robust scheme to realize an entangling gate for distant solid-state spins via a mechanical oscillator in its thermal equilibrium state. By appropriate Hamiltonian engineering and usage of a protected subspace, we show that the proposed scheme is able to significantly reduce the thermal effect of the mechanical oscillator on the spins. In particular, we demonstrate that a high entangling gate fidelity can be achieved even for a relatively high thermal occupation. Our scheme can thus relax the requirement for ground-state cooling of the mechanical oscillator, and may find applications in scalable quantum information processing in hybrid solid-state architectures.
I. INTRODUCTION
Quantum entanglement is one of the most fascinating aspects of quantum theory [1] [2] [3] . Moreover, it is also a valuable resource for various types of quantum technologies, such as quantum communication [4] [5] [6] [7] [8] , quantum metrology [9] and quantum computation [10] [11] [12] . The generation of quantum entanglement is thus an essential task in quantum information processing. In particular, it is exceedingly challenging to entangle qubits at a large distance, e.g. due to the lack of strong interactions. For example, the direct coupling between two solid-state spins at a distance on the order of micrometers via their magnetic dipole-dipole interaction is negligible given the constraint of their coherence time. The ability of entangling two such distant qubits thereby becomes an important goal to pursue on the road towards the implementation of large scale quantum information processing.
Hybrid optomechanical and atomic systems offer an appealing way to entangle distant atomic qubits in solidstate systems [13] . The essential idea is to realize indirect coupling between quantum systems via the vibrational mode of a mechanical oscillator, which serves as a mediator. For example, the interaction between nitrogenvacancy (NV) center spin qubits in diamond and a cantilever can be induced by strain or a magnetic field gradient [14] [15] [16] [17] [18] . The idea can also be generalized to novel types of mechanical oscillators, such as graphene sheets and nanotubes [19] . In previous proposals, it is usually assumed that the mechanical oscillator is cooled down close to its motional ground state [13] [14] [15] [16] [17] [18] [19] . Although it is in general possible to reach average phonon numbers as low asn ≈ 0.2, e.g., by resolved side-band cooling [20] [21] [22] [23] [24] , it imposes stringent requirements and a large ex- * Electronic address: ralf betzholz@hust.edu.cn † Electronic address: jianmingcai@hust.edu.cn perimental overhead to achieve such a cooling efficiency. Unless the mechanical oscillator is cooled to its ground state the thermal effects of its motion will inevitably degrade the fidelity of the entangling gate between distant two-level quantum systems and severely limit its scalability. We remark that the celebrated Sørensen-Mølmer gate provides a way to achieve robust coupling between trapped ions in thermal motion based on a laser configuration with specific tunings [25] .
To overcome this challenge, here we propose to engineer a decoherence-free subspace (DFS) with suitable driving fields [26] to realize an entangling gate between distant solid-state spins. The logical qubit, which is encoded in the DFS of two quantum systems, becomes much less susceptible to the phonon number of the mechanical oscillator. We theoretically demonstrate that the thermal effect from the mechanical oscillator can be significantly suppressed, and that a high fidelity entangling gate can be realized even for a relatively high average phonon number of the mechanical oscillator. The present result applies to general hybrid systems composed of atomic systems and mechanical oscillators, including nitrogen-vacancy centers in diamond and cantilevers (or nanotubes). Our proposal may thereby find applications in both the generation of large scale entangled states for quantum metrology and scalable quantum computation.
II. MODEL
The system we consider consists of solid-state spins, which are in close proximity to a mechanical oscillator. The oscillator's frequency is given by ν and the displacement from its equilibrium position is denoted by z. The two-level spins, labeled by k, have ground states |g k , excited states |e k , and an additional auxiliary state |a k . Furthermore, an external field, detuned from individual spin resonances by ∆ k , drives the spin transitions with a Rabi frequency Ω k . A schematic picture of the system is shown in Fig. 1 . The motion of the oscillator induces a positiondependent magnetic field acting on the spin system, thereby coupling the vibrational and the spin degrees of freedom. The total Hamiltonian of the hybrid system, in the frame rotating with the driving field frequency, can be written as [14] ,
where we introduced the atomic raising and lowering operators σ (k) ± = |± k ∓|, respectively. Here, the states |± = [|e ± |g ]/ √ 2 denote the eigenstates of the new σ z , i.e. they are in fact the eigenstates of σ x in the original picture.
Before we continue to elaborate the details of our scheme, we briefly comment on a possible experimental realization of this system. As solid-state spins one could use NV centers in diamond. In this case, one can realize the required level scheme in the ground-state triplet with the states |g = |m s = −1 , |e = |m s = +1 , and |a = |m s = 0 . Here, a static magnetic field along the NV-center's z axis can be used to tune the energy of the states, the |g -|e transition could be driven in a Raman configuration, and optical spin polarization allows for an easy preparation of the state |a . The mechanical oscillator on the other hand can be realized, for example, by a graphene sheet carrying a direct current, thereby providing the magnetic field, which couples to the spins, see Fig. 1(a) . We note that in our model we assume that the spatial distribution of spins and the mode shapes of the vibrations are such that the spins only couple strongly to a single mode among the manifold of vibrational modes present in such a geometry [28, 29] , allowing for a singlemode approach. This kind of architecture would thereby allow for coupling in a two-dimensional array, contrary to realizations with nanotubes. For exemplary experimental parameters we refer to the discussion in Sec. VI.
III. EFFECTIVE SPIN-SPIN COUPLING
The system introduced above allows to achieve a coupling between the otherwise uncoupled spins which is mediated by the mechanical oscillator [25, 30] . This coupling is best accomplished in the dispersive regime [31, 32] , i.e., the far off-resonant regime where the detuning of the energy splitting of the spins from the oscillator frequency is much larger than their coupling to the oscillator. Considering the Hamiltonian (5) this is the case for g k /δ k ≪ 1, with the pseudo-detuning δ k = Ω k − ν.
A. Coupling two spins
In this regime one can derive an effective Hamiltonian in different orders of g k /δ k [30, 35, 36] . We restrict ourselves to the case of two spins, and the same perturbative treatment in the small parameter ∆ k /Ω k can be applied. In addition to the zeroth-order Hamiltonian
z /2, we thereby obtain the second-order effective Hamiltonian
More details on the derivation can be found in Appendix A. Here, the first term with∆ k = ∆ the usual ac Stark shift due to the driving fields, where the role of detuning and Rabi frequency have been interchanged because of the change of basis from σ z to σ x . The second term constitutes a phonon-number dependent Stark shift originating in the spin-oscillator interaction. As can be seen from this second term in the Hamiltonian, fluctuations of the phonon number induce an energy fluctuation of the spins and thereby cause dephasing.
Taking into account the non-uniform coupling g k , one can always choose suitable values of δ k such that g 2 1 /δ 1 = g 2 2 /δ 2 is fulfilled by appropriately adjusting the Rabi frequencies. In the same manner, one could also ensurē ∆ 1 =∆ 2 by tuning the resonance frequencies of the spins or the driving field frequency. Without loss of generality, we therefore assume g k = g and δ k = δ. Assuming for the moment a resonant drive of the spins, viz.∆ k = 0, this leads to the effective Hamiltonian
with the operator S z = σ
and the smallness parameter α = g/δ.
In order to overcome the phonon-induced dephasing mentioned above, we consider the subspace spanned by the two states |0 = |− 1 |+ 2 and |1 = |+ 1 |− 2 . The fact that the operator S z annihilates both these states, viz. S z |0 = S z |1 = 0, warrants that up to second order in α this subspace is fully protected from the influence of phonon number fluctuations, i.e., up to this order the dynamics in this subspace is independent of the temperature of the oscillator and one finds effective oscillations between |0 and |1 which are mediated by the oscillator.
The residual effects of the phonon number arise only from higher order terms in the effective Hamiltonian. The explicit form of the fourth order effective Hamiltonian in this subspace, see Appendix A, can be written as
The ratio between this fourth-order contribution and the second-order term (7) in the protected subspace is given by 2α 2 (2a † a + 1). Therefore, the fourth order is usually neglected in the previous literature for the case of groundstate cooling of the oscillator, i.e., low average phonon occupations, but this approximation may be inaccurate for cases involving thermal phonons [25, 37] .
B. Dynamics in the protected subspace
Combining Eqs. (7) and (8), we can rewrite the effective Hamiltonian in the protected subspace up to fourth order in α in the simple form
with the operator ς x = |1 0| + |0 1| and the function
For the case of an oscillator with a fixed initial phonon number, i.e., an initial oscillator Fock state |n , this Hamiltonian directly implies Rabi oscillations between |0 and |1 with a modified Rabi frequency 2f (n)δ. However, a more realistic initial condition is when the oscillator is in thermal equilibrium at temperature T . The density operator of the oscillator can then be written as
where the Boltzmann factor q = exp (− ν/k B T ) is related to the mean thermal occupation of the mechanical oscillator, i.e.n = [exp( ν/k B T ) − 1] −1 , via q = n/(n + 1). If the spins are initially prepared in the state |0 , the effective time evolution of the full system's density operator ̺ is formally given by
Using exp[iλς x ]|0 = cos(λ)|0 + i sin(λ)|1 and the fact that f (a † a) naturally commutes with µ th yields the state
with the operator ς y = i|1 0| − i|0 1|. Performing the partial trace over the oscillator degrees of freedom, denoted by Tr M {·}, leads to a reduced spin density operator ρ(t) = Tr M {̺(t)}. Employing the geometric series to obtain
and taking the real and imaginary part of this relation yields the result
Here, we have introduced the fidelity F (t) = 1/2 + C(t) to find the initial two-spin state |0 and the coherence S(t). The functions C(t) and S(t) are, respectively, given by
with the effective Rabi frequencyḡ = 2(α 2 − 2α 4 )δ. In Fig. 2 , we show the time evolution of the spin state |0 that lies in the protected subspace, and thus suffers only from fourth-order thermal effect of the mechanical oscillator, which is here assumed to be in a thermal state µ th with a mean phonon numbern = 2. For the coupling ratio we chose α = 1/40. The thermal effect of the mechanical oscillator on the spins is significantly reduced, and the requirement on the cooling of the mechanical oscillator to obtain high fidelities can thus be relaxed.
The deviation of the approximate time evolution from the exact one, e.g., the absence of the small oscillations around the Rabi oscillations in the approximate time evolution, as shown in the inset of Fig. 2 , has two origins: firstly, the truncation of the dispersive transform of the Hamiltonian, which leads to negligible discrepancies of the order (2n + 1) 2 α 6 ; secondly, the fact that the initial state has not been transformed to the dispersive frame, see Appendix A.
IV. ENTANGLING GATE VIA A THERMAL MECHANICAL OSCILLATOR
In the above section, it has been shown that the dynamics in the protected subspace, spanned by {|0 , |1 }, is highly resistant against the thermal effects of the mechanical oscillator. In order to construct a robust entangling gate U , we therefore choose to encode the logical qubit in the two states |0 and |A , i.e., we use two spins to encode one logical qubit. Apart from |0 we use the state |A = |a |a , where the states |a are decoupled from |+ and |− [see Fig. 1(b) ]. In this section, we show how to use the system introduced above to implement an entangling gate between two such logical qubits according to
Here, the notation | · jk stands for the state of the logical qubit formed by the two physical qubits j and k. The crucial minus sign in Eq. (18) arises due to the phase flip of the state of the state |0 23 after one Rabi period. It is therefore the fidelity of this Rabi oscillation, which is discussed in detail in Secs. III B and V C, that mainly determines the overall gate fidelity. We note that if for the ac Stark shift term in Eq. (6) the condition∆ j =∆ k is fulfilled, then the Rabi frequency between the states |0 jk and |1 jk , up to fourth order in α and in the absence of thermal effects, is given byḡ, see Eqs. (15) and (16) for q = 0. In contrast, the transition between |0 jk and |1 jk will be effectively suppressed if |∆ j −∆ k | ≫ḡ. Therefore, we choose the amplitudes and frequencies of the driving fields such that
and
for all other combinations of j and k, with j, k = 1, 2, 3, 4, which includes the conditions on the detunings of the first and the fourth spin. In this way, it can be seen that the engineered transition only happens for the spins 2 and 3, see Fig. 3 . If the two logical qubits are initially prepared in the state
after the time τ = 2π/ḡ, the state evolves into the maximally entangled state
The initial state |ψ(0) can be prepared from the state |a 1 |a 2 using the following steps: (i) separately addressing the |a -|g -and |a -|e transitions of the two spins to generate In order to validate the robustness of such an entangling gate, as affected by the mean thermal phonon numbern, we can evaluate the fidelity F (t), as given by Eq. (15), after the approximate Rabi period τ = 2π/ḡ. Expanding C(τ ), defined in Eq. (16), up to fourth order in α yields the gate fidelity
Therefore, the approximate infidelity of the entangling gate due to thermal effects of the mechanical oscillator reads
(a) It can be seen that even forn = 10 and α = 1/40 we have δF th ≈ 1.3%, i.e., for a thermal state occupation number n = 10, it is still possible to reach a gate fidelity as high as 99%. For comparison, we also calculate the infidelity of an entangling gate without adopting our scheme, which is estimated as δF ′ th =n/(2n + 1), see Appendix B. It thus requires the mechanical oscillator to be very close to the ground state in order to achieve a high gate fidelity. For example, it requiresn < 0.125 in order to achieve a gate fidelity above 90%, which implies a great challenge in experiments.
V. ANALYSIS OF DECOHERENCE EFFECTS
The main sources of decoherence in this hybrid system of solid-state spins and mechanical oscillator are the dephasing of the spins and the damping of the oscillator by its thermal environment. The dissipative dynamics under these decoherence effects can be described by the master equation
where D S represents the intrinsic pure dephasing of the spins at a rate Γ/2, as given by
x ̺σ
(1)
In the case of NV centers, this dephasing has its origin in magnetic noise from nearby nuclear spins and coupling to lattice phonons. We remark that we have previously exchanged the σ z with the σ x basis and that thereby the pure dephasing in the original σ z -basis also comprises a population decay in the σ x basis. The last term including D M describes the relaxation of the mechanical oscillator at a rate γ given by
We further note that in this description we neglected contributions to the decoherence and decay that arise during the transformation to the dispersive frame [30, 38, 39] . Discarding these additional contributions is valid for Γ, γ(n + 1) ≪ δ. Including the thermal dissipation of the oscillator effectively leads to an additional collective relaxation of the spins at a rate α 2 γ. This relaxation and dephasing induced by the mechanical oscillator adds an additional source of spin dephasing [33, 34] , which may be neglected due to the smallness of α.
The driving field plays a role of continuous dynamical decoupling. Thus, the effective decoherence rate Γ can generally be suppressed by two or three orders of magnitude as compared with the pure dephasing rate [14, [40] [41] [42] . Given a dephasing rate of 100 kHz, e.g. for NV center spins in diamond, the effective decoherence rate can be reduced to ∼ 1 kHz, which may be much smaller than the coupling strength g.
A. Intrinsic spin dephasing
In order to highlight the individual effects of the two decoherence channels on the gate fidelity, we will treat them separately here, starting with the case of only spin dephasing, i.e. γ = 0. Although it is possible, as we will see, to derive an analytic expression for the time evolution of the initial state ̺(0) = µ th |0 0|, the dephasing given by the superoperator (29) lifts the confinement of the dynamics to the protected subspace spanned by |0 and |1 . The dephasing additionally populates the density operator elements |G G| and |E E|, with |G = |− 1 |− 2 and |E = |+ 1 |+ 2 . In Appendix C we use the spectral decomposition of the Liouville operator [43, 44] to show that the reduced spin density operator has the form
where F S (t) is the fidelity under spin dephasing given by
with the same functions C(t) and S(t) as defined in Eqs. (16) and (17) . The steady state of the dynamics under spin dephasing is the fully mixed two-qubit state, yielding the long-time limit F S (t) → 1/4. Figure 4(a) shows the impact of the spin dephasing on the fidelity for three different values of Γ for the parametersn = 2 and α = 1/20.
B. Mechanical damping
Also for the case of strictly mechanical damping, i.e. Γ = 0, it is possible to derive the dynamics of the initial state ̺(0) = µ th |0 0| analytically with the same methods, as shown in App. D. The time evolution of the reduced spin density matrix ρ(t) reads (33) where the fidelity F M (t) and the coherence S M (t) under mechanical damping are given by
with the function Y (t) defined in the appendix, see Eq. (D14). In Fig. 4(b) we show the fidelity under mechanical damping for the same parameters,n = 2 and α = 1/20, for two values of the damping rate γ. Here, it is apparent that the direct influence of the mechanical relaxation on the entangling gate is rather small and can thereby be neglected for the evaluation of the gate fidelity, a fact also found in a different proposal for an entangling gate using a thermal oscillator [45] .
C. Fidelity estimation
As it can be seen in Fig. 4(b) , the fidelity under mechanical damping is almost unity due to the smallness of the parameter α, since the effective spin relaxation rate induced by the dissipation of the mechanical oscillator is given by Γ s = α 2 γ. We can thus neglect this contribution and estimate the infidelity induced by thermal effects and spin dephasing from Eqs. (32) . The infidelity
of the above entangling gate can then be estimated as
where the first term comes from the thermal effect and the second term arises from the spin dephasing. It can be seen that the thermal effect of the mechanical oscillator, as shown in the first term in the above equation, is suppressed by a factor of O(α 4 ). The spin dephasing is suppressed by continuous dynamical decoupling, and thus its influence on the fidelity of the entangling gate can also be efficiently suppressed. In Fig. 4(a) , we verify our estimation of the gate infidelity of the Rabi oscillation between the two-qubit states |0 and |1 assuming decoherence parameters Γ and γ that are realistic in experiments. It can also be seen that the gate fidelity can reach up to 90%, achieved even with a relative high phonon number and under the influence of the dissipation of the mechanical oscillator and the spin dephasing.
VI. DISCUSSION AND CONCLUSION
The present idea may be applied to general hybrid systems of (artificial) atoms and a mechanical oscillator. As a specific example, we assume a mechanical oscillator with a resonance frequency ν = (2π)1 MHz [46] , and a coupling strength g = (2π)100 kHz. These parameters are achievable for a hybrid system of NV center spins in diamond and a mechanical oscillator, such as cantilevers or nanotubes [14, 19] . We choose the value of the detuning as δ = (2π)4 MHz to satisfy the condition α = 1/40 ≪ 1. For a mechanical quality factor of Q = 4·10 3 , which is even lower than in experimental realizations [47] [48] [49] , we have the dissipation rate γ = (2π)10 kHz. For NV center spins, the extended coherence time can reach up to millisecond, and the effective decoherence rate can be estimated as Γ ∼ (2π)100 Hz with continuous dynamical decoupling methods [50] . Using these parameters, our results show that the entangling gate fidelity can reach 94% even when the mechanical oscillator is in a thermal state with an average phonon number ofn = 10.
To summarize, we have proposed a new method to drastically suppress the thermal effect of a mechanical oscillator in a hybrid system where the spin-spin interaction is mediated by a harmonic oscillator. With the mechanical oscillator as a mediator, it is possible to implement a robust entangling gate between two solid-state spin qubits. Our scheme combines the advantages of continuous dynamical decoupling and decoherence-free subspaces. With our detailed investigation we show that the fidelity of the entangling gate can be sufficiently high even with a relatively large average phonon number. The scheme thus provides a way towards the implementation of scalable quantum information processing in solid-state architectures.
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Appendix A: Effective Hamiltonian
We start with the Hamiltonian (5), where we consider the resonant case ∆ k = 0 for reasons of convenience. Additionally, we consider a uniform coupling g k = g and detuning δ k = δ. In order to cast the following expansion in a more comprehensive form we introduce the collective spin operators
± as well as the two operators J ± = aS + ± a † S − . With the coupling ratio α = g/δ defined in the main text, we can write Hamiltonian (5) in the frame rotating at the oscillator frequency ν as
The transformation to the dispersive frame is a frequently used tool to treat this kind of Hamiltonian in the regime α ≪ 1 [30-32, 36, 38] . Although this method is well established, we nevertheless repeat the basic steps here for the sake of completeness. It is achieved by the unitary transform exp[αJ − ]. Using the Baker-CampbellHausdorff formula, the Hamiltonian transforms according to 
with the nth order effective Hamiltonian
for n ≥ 2. The second order effective Hamiltonian simply reads
Evaluating the next commutators of Eq. (A4) then yields the fourth order effective Hamiltonian (9) in the protected subspace. The same effective Hamiltonian can also be derived using the Magnus expansion [51] or similar methods [35] . As mentioned in the main text, for the case of a nonvanishing detuning ∆ k ≫ Ω k one obtains an additional ac Stark shift due to the driving field, see Eq. (6). On a further note, one has to keep in mind that although the Hamiltonian was transformed into the dispersive frame the contributions of the transform to the density operator are usually neglected. These contributions are rather small but manifest themselves in slight discrepancies when comparing the exact time evolution with the one in the dispersive frame, such as the small oscillations in the exact fidelity curve as highlighted in the inset of Without thermal protection, i.e., if the logical qubits are encoded in single physical qubits, the thermal effect takes place in the second order of α term
In order to estimate the entangling gate fidelity in this case, we use single-qubit states which do not lie within the decoherence-free subspace. For the case of an oscillator Fock state |n , this leads to a spin phase flip
Here, the phase β n is the phase accumulated by the state |+ , which after the approximate flip time τ ≈ π/α 2 δ is given by
For the initial state |ψ n (0) = |φ(0) |n , with |φ(0) = (|+ + |a ) ⊗ (|− + |a ) /2, we easily find the spin state
To evaluate the effects of n on this entangling process, we compare the state |φ n (τ ) with |φ 0 (τ ) . For a thermal oscillator state with mean phonon numbern, the fidelity losses can then be evaluated by
which is greatly influenced by the thermal occupationn of the mechanical oscillator as compared to our thermally protected result given by Eq. (27) .
Appendix C: Dynamics under spin dephasing
The time evolution of the system undergoing spin dephasing obeys the master equation ∂̺/∂t = L̺ with the Liouville operator
Damping basis
To solve this equation, we employ the spectral decomposition of the Liouville operator L, details on the application of this technique to solve master equations of the Lindblad type can be found in Refs. [43, 44, 52, 53] . The mechanical initial state µ th is diagonal in the Fock basis, making it unnecessary to find the full eigensystem of L. We therefore focus on the subset of eigenelements that are also diagonal. We make the ansatẑ
which upon substitution into the eigenvalue equation L̺ n,j = λ n,j̺n,j leads to the condition x − 2ρ j .
The relevant eigenvalues and the corresponding right eigenelements solving this eigenvalue problem are summarized in the table below. Here, the 1 in the eigenelementρ 1 stands for the unity operator on the two-qubit Hilbert space. The corresponding left eigenelements are given by̺ n,j = |n n|ρ j witȟ ρ 1 = 4ρ 1 ,ρ z = 4ρ z , andρ ± = 16ρ ∓ . They can either be constructed by using the orthogonality relation Tr{ρ jρk } = δ j,k or by solving the eigenvalue equation of the adjoint superoperator L ‡ [44] .
Time evolution
The time evolution of our initial state ̺(0) = µ th |0 0| is then formally given by ̺(t) = ∞ n=0 j=1,z,± c n,j e λn,j t |n n|ρ j (C4) with the expansion coefficients c n,j = Tr{̺ n,j |n n|̺(0)}. Their explicit form is easily derived and reads c n,1 = (1 − q)q n , c n,z = −c n,1 , and c n,± = 2c n,1 . This leads to the state ̺(t) = 1 4 µ th 1 + e −2Γt σ 
which, upon taking the partial trace over the oscillator and using the identity (14) , yields the reduced spin density operator (31) , which is given in terms of the states |0 , |1 , |G and |E in the main text.
With the necessary eigenelements at hand we can proceed to evaluate the time evolution of the system, formally given by ̺(t) = j=µ,η k=± ∞ n=0 c j,k,n e Λ j,k,n t̺ j,k,n .
Evaluating the overlap of the initial state with eigenelements, viz. c j,±,n = Tr{̺ j,±,n ̺(0)} for j = µ, η, 
which upon taking the partial trace over the oscillator and evaluating the sum over n gives the reduced spin density operator ρ(t) = 1 2 + 1 2 Re{Y (t)}ς z − 1 2 Im{Y (t)}ς y .
Here, we introduced the function Y (t) we used in Eqs. (34) an (35) 
with y = 2(n + 1 + A + ξ)ξ 2 /(n + 1)(A + 2ξ).
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